Интегральный оператор дифференцирования двумерных случайных полей by Кудинов, А.Н. et al.
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1*& X×Y 4. )/  x ∈ [ξx −X, ξx] ⊂ [−c, c]
 y ∈ [ξy − Y, ξy] ⊂ [−d, d],  ξx, ξy q , 4.-  x  y 6
# Z(t, x, y) = Θψ(t, x, y) + η(t, x, y).
*1# . ? 45  , 11 1 t # 0
?1  .&  ?O1 n1 × n2 
* Θ = 1#  ? )*- M 1& 4?0- ψ(t, x, y)
 4)1 711 )*1 η(t, x, y)  *1 11.1 01 
4?0 ψ(t, x, y) )*  **&1 .1 *#   5$-
ψ 1 )  )* . [−Ωx,Ωx]× [−Ωy,Ωy].
* Θ = 0 #  ? 1& 1 *& 4) 71 *. )*
Z(t, x, y) = η(t, x, y).
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 
*-# . . ) )*- η(t, x, y) 6 .  )
) 4?0-  )/ /  / /  )1/ 56
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410& 51& 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1
4 *1 ) [−c, c]× [−d, d]#  ?/  )-*-
 / N*1 )*4 4?0-#  )& N ?  , )6
*0 )-1*& X × Y    & -  ? Z(t, x, y) ? 1&
1     0 11 1 t ? η(t, x, y).
 Θ = 1 ? Z(t, x, y) 10 ?& )*. *? ) 1# *?
) *?1 4?0M# )/   1 /
4?0-  11 t  1- 
 ?- ?0& . . (x, y)∗ ∈ [ξx −X, ξx]× [ξy − Y, ξy] ?6
* )*- Z(t, x, y)# )0 4?01 ψ(t, x, y)# ) )7
)1 - - *0 / ?0- q κ.
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• )1- 7  ?0 . . (x, y)∗ # *
Fκ
2
≥
n1∑
ν=1
n2∑
μ=1
[DpZ(t, xν , yμ)]2
n1∑
ν=1
n2∑
μ=1
[Dpη(t, xν , yμ]2
≥ F1−κ2 , (2.1)
 xν ∈ [ξx −X, ξx], yμ ∈ [ξy − Y, ξy], DpZ(t, xν , yμ) = ∂
pZ(t,x,y)
∂xk∂yl
|x=xν ,y=yμ−
4. 17 )4 p = (k + l)6 )-  5$ Z(t, x, y)
) )11 x  y  . (x = xν , y = yμ)#
•  )1- 7 ? ?0 . . (x, y)∗ q ) 6
)* !D ;" 
 N1 )* Fγ , γ = κ2 * γ = 1− κ2 , *& 
F =
n1∑
ν=1
n2∑
μ=1
[DpZ(t, xν , yμ]2
n1∑
ν=1
n2∑
μ=1
[Dpη(t, xν , yμ]2
 -# . -& P (F ≥ Fγ | Θ = 0) = γ .*-- ) 6)*6
M 876  !o;=p# * ;@#  B=D6B@B"  .*1 ) ? (n1 −
1)× (n2−1)# )*& Dp 6 *& ) 55$- )-
p = k + l 5$ Z(t, x, y)  η(t, x, y) ) )1 )11 x  y
1*4 *. )*-   / ) Θ = 1  Θ = 0.
 ) Dp )1- *.  *& 6
*& ) 55$- DpA
DpZ(t, α, β) =
∂k+lZ(t, x, y)
∂xk∂yl
|x=α,y=β =
=
∞∫
−∞
∞∫
−∞
Sk,l(α, x, β, y)Z(t, x, y)dxdy =
=
∞∫
−∞
∞∫
−∞
δ(k)(α− x)δ(l)(β − y)Z(t, x, y)dxdy, (2.2)
 δ(x), δ(y) 6 *&65$  x  y# α ∈ [−c, c]# β ∈ [−d, d],
Sk,l(α, x, β, y) = Sk,l(α− x, β − y) = Sk(α− x)Sl(β − y) = δ(k)(α − x)δ(l)(β − y).
;@F 	  &  	 	   " $
T - 5$- !5$- " -  ) 4*1/ )6
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6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/ 5$#   ) N1 ?0 ./ . )6
)  /1 )* 10 ,*-& )1 )**& ??
?./ / DpZ(t, xν , yμ)  41   6*? 
*- 0 4.- # )1#  41  yμ ∈ [−d, d], μ = 1, n2
*- )4*& xν 4 4 [−c, c] 
8$-  *& ) Dp #  *.  5$  6
*& ) Dp # )*0 4M  .1 ?-  )6
. 5 ) )1 1 x  y # /- .6
 ) / *. )*- ) Θ = 1  .1 *
[−Ωx,Ωx]× [−Ωy,Ωy]  )*- ./ *-M,/ 
 )& 11# .  .1  5$  Sk,l 0 *-
.*-  F 10 4)&  
F =
n2∑
μ=1
[DpZ(t, xν , yμ]2
n2∑
μ=1
[Dpη(t, xν , yμ]2
, ∀xν ∈ [−c, c].

*- 51- )* ?0- ./ .  *. )?6
4- *&1 )1 55$- *? /6
 )*- 11 7 ))?-
g =
f(DpZ(t, x, y) | H1)
f(DpZ(t, x, y) | H0) ,
 H0 6 )4  1# . Θ = 0 #   )4  *. *& 71
*-M,  ? DpZ(t, x, y), ∀x ∈ [−c, c],
H1 6 )4  *.  1 )*4 )*-  711#
f(DpZ(t, x, y) | Hi) 6 1*& )* - ? (i = 0, 1).
.# .  111 *. )4 H0  H1 -*-M- ?*46
1# )N1 ! .1 D D" 1 1 0 *- g *M, 
g =
f(DpZ(t, x, y) | Θ = Θ0 + δ)
f(DpZ(t, x, y) | Θ0) , δ > 0, ∀x ∈ [−c, c],
 . ) )?4-   !o;;p# * D;#  D;;6DDFU"
g =
∂lnf(DpZ(t, x, y) | Θ0)
∂Θ
δ + 1, ∀x ∈ [−c, c]
*#  .1 # . f(DpZ(t, x, y) | Θ0) 6 1*&- )*& -
?  Θ0 = 0#   51  
g =
n2∑
μ=1
DpZ(t, xν , yμ)
σ2
δ + 1, ∀xν ∈ [−c, c],
 σ2 6 )- 71 *-M, ? {DpZ(t, xν , yμ)}, μ = 1, n2, ν =
n1 + 1, n1 + 2, ...# .*-1 ) 51 51# ?1  N*1
)*4 )*-  4?0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)-  A * g − 1 ≥ ρ(κ) #  )1- 7 ? ?0
. .# . q 7  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0 .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11
M - *0  κ ) 0M
∞∫
ρ(κ)
π(g | H0)dg = κ,
 π(g | H0) 6 1*&- )*& - N(0, σ2) 
P. *. δ  0 *-  g .- *&
#  *1 ?0- . . *-  4?6
0-  7   ?0 * )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$ 
F > 1#   . 4.- δ 10 4-& δ = F − 1 
#  )* ?0- ./ . (x, y)∗ # )0/
)*41 )*1 ψ(t, x, y), ∀x ∈ [−c, c], *0 ?).& *4$M )*
?0- ./ .   *-/ / 4?0#   
*-/ *?/ 4?0#  &  )* *0 ?&
/*&  * 5$ ) )* * !D ;" 
.# . -  ? ?*& ?*&7 1,&M (1 − ζ)
) )11 51  4.1 κ ) M  0
*&   1 − ζ = 1 − ζkζck,  ζk 6 -& ))
?0- . . ) 1 4?0# ζck 6 -&
)) ?0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. .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$  Sk(x)  Sl(y) 
K 3C 65( 4%=5("@= 2%5(45( FF%5%C5(<  
$(;&R 2"%; * ?,1  *& ) 55$6
- Dp 4)71 0 *- .*- DpZ(t, x, y) = W k,ln,m(t, α, β, ax, ay , γ, δ)6
17 )4 )- p = (k + l) ) )1 )11 x
 y  5$ Z(t, x, y)  . (x = α, y = β)
W k,ln,m(t, α, β, ax, ay, γ, δ) =
∞∫
−∞
∞∫
−∞
Skn(
α− x + γ
ax
)Slm(
β − y + δ
ay
)Z(t, x, y)dxdy, (3.1)
 Skn(...), S
l
m(...) q 5$  ) D
p.
T ) & ) *6)?4  )11 
q γ, δ  17? q ax, ay,  S
k
n(x), S
l
m(y) q ? )?4- 8& !
10*-1 jk  jl# j =
√−1) */ 1?$ 6)*  11
)*01 4* *-  x  y    &  41
 0- *- Skn(x)  S
l
m(y) 4)M- *M,1 ?41
SrΦ(u) =
jrhu
2πar+1u
(
sin(uhu/2)
uhu/2
)Φ+1
ER∑
i=−ER
ari e
jhuui, (3.2)
;@C 	  &  	 	   " $
 u = x * y # Φ = n * m 6 ) 6)* )  x * y#
r = k * l, 0 ≤ k ≤ n, 0 ≤ l ≤ m 6 )- .*-1 . )4
)  x * y U hu = 2ΩuR , Ωu 6 /-- .- .
) // 4. ) !@ ;" )  x * yU R  N
* M 6 *. )* 1 4?- 4 [−Ωu,Ωu]#
ER = [R/2]− 1&7 $* .*#  ?*&7 *  R/2# ari 6 )6
- N55$# ) r = k, i = −EN , EN , ) r = l, i = −EM , EM
* 1?$ 6)* Φ 6 )  11 )*01
4*  . ?* [−Ωu,Ωu]  )*M, 11 ωru 
**&#
ωru =
ER∑
i=−ER
ariBΦ(ωu/hu − i), −Ωu ≤ ωu ≤ Ωu, (3.3)

BΦ(ω) = 1Φ!
∑Φ+1
i=0 (−1)iCiΦ+1(ω + Φ+12 − i)Φ+;
CiΦ+1 =
(Φ+1)!
i!(Φ+1−i)! ;
ωΦ+ =
{
ωΦ, ) ω ≥ 0,
0, ) ω < 0.

*- 0  r = 0,Φ N55$ ari , i = −ER, ER .*-M- 4
1 */ *?./ 
ωrul =
ER∑
i=−ER
ariBΦ(ωul/hu − i), l = 0, 2ER
 ωul = −Ωu + lΩuER , l = 0, 2ER.
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p = (k + l) )- ) )1 )11 x  y  / *
Z(t, x, y)  1 4  ) *-M,/  .1  )4
|ωx| ≤ Ωx + nhx, |ωy| ≤ Ωy + mhy.
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 !@ ;"A
∞∫
−∞
∞∫
−∞
W k,ln,m(t, α, β, ax, ay, γ, δ)e
−j(ωxα+ωyβ)dαdβ =
= W˜ k,ln,m(t, ωx, ωy, ax, ay, γ, δ) = axS˜
k
n(axωx)ayS˜
l
m(ayωy)Z˜(t, ωx, ωy)e
j(ωxγ+ωyδ),
 S˜kn(ωx), S˜
l
m(ωy), Z˜(t, ωx, ωy) 6 )?4- 8&  S
k
n(ωx), S
l
m(ωy),
Z(t, ωx, ωy)   .1 !@ @"
ejωxγaxS˜
k
n(axωx) =
= ejωxγ
jkhx
2πak+1x
∞∫
−∞
(
sin(xhx/2)
xhx/2
)n+1
EN∑
i=−EN
aki e
jhxxie−jωxaxxdx =
	&$-  
& 	'		  " ;@H
=
⎧⎪⎪⎨
⎪⎪⎩
(jωx)kejωxγ , ) |ωx| ≤ Ωx,
ejωxγ j
k
akx
EN∑
i=−EN
aki Bn(
axωx
hx
− i), ) Ωx < |ωx| < Ωx + nhx,
0, ) |ωx| ≥ Ωx + nhx.
(3.4)
*. 0- )*.M-  *- ayS˜
l
m(ayωy). P& )*&4
7
∞∫
−∞
Bn(
ωx
hx
− i)e−jωxxdωx = hxe−jxihx(sin(xhx/2)
xhx/2
)n+1.
 1 ?41#   !@ B" 5$- W˜ k,ln,m(t, ωx, ωy, ax, ay, γ, δ)  .6
 ?* |ωx| ≤ Ωx, |ωy| ≤ Ωy  )$ .*- k 6 )6
4 ) )1 x  l 6 )4 ) )1 y  / )*-
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1  ) ./ *-M,/#   . 
4.-1  )4 |ωx| ≤ Ωx + nhx, |ωy| ≤ Ωy + mhy. R  ?*&
4& 
"%'4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 n = 0 *- )*.-
*0 )*- k = 0. 4 0 !@ D"  !@ @" ) N = 1 )*.1# .
S00(x) =
Ωx
π
sinxΩx
xΩx
.
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$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l
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1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1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(
sin(xhx/2)
xhx/2
)n+1 × (sin(yhy/2)
yhy/2
)m+1
) |x| → ∞, |y| → ∞ 
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 )&M .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	 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a11
∂2Z(t, x, y)
∂2x
+ a12
∂2Z(t, x, y)
∂x∂y
+ a22
∂2Z(t, x, y)
∂2y
+
+a10
∂Z(t, x, y)
∂x
+ a01
∂Z(t, x, y)
∂y
+ a00Z(t, x, y), (3.5)
 aik, i, k = 0, 1, 2 6 4 N55$#
) *1  !@ E" *4- *&1 )1 !@ ;" ) k =
2, l = 0,  *1 6 ) k = 1, l = 1# & 6 ) k = 0, l = 2# . 6
) k = 1, l = 0# )- 6 ) k = 0, l = 1  7 6 ) k = 0, l = 0.
*# )1#  0 !@ E" )*0& a11 = a22 = 1 #  *&
N55$ 6 1 *M#  )*.1 ) %)*#  7
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 !oEp# * @D#  ;HD6D==" 
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; 65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=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E
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 5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  *- 4*./
4. )1 ) 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B ;  l = 0, , N = 2, δ = 0, ay = 1 !*0 / )*-"  )*&46
 6)* ) )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S01(x) =
Ωx
2π
(
sinΩxx/2
Ωxx/2
)2(1 + 2cosΩxx).
B D  n = 1, N = 2, k = 1, ax = 1 !.* *0 4.- )46
 / *" 11
a1−1 = −Ωx, a10 = 0, , a11 = Ωx,
S11(x) = −
Ωx2
π
(
sinΩxx/2
Ωxx/2
)2sinΩxx.
B @  n = 2, N = 3, ax = 1, k = 0 !*0 / )*-" )*.1
S02(x) =
Ωx
3π
(2cos
4Ωx
3
x + 1 + 2cos
2Ωxx
3
)(
sinΩxx/3
Ωxx/3
)3.
B B  k = 1  *&/ )1/ 4 ) B @ !.* *0 )6
4 /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11
a1−2 = − 43Ωx, a1−1 = − 23Ωx, a01 = 0, a11 = 23Ωx, a12 = 43Ωx,
S12(x) =
−4Ω2x
9π
(2sin
4Ωx
3
x + sin
2Ωxx
3
)(
sinΩxx/3
Ωxx/3
)3.
B E  k = 2  *&/ )1/ 4 ) B @ !. *0/ 4.
 )4 / )*-" /1
a2−2 = a
2
2 =
5
3Ωx
2, a2−1 = a
2
1 =
1
3Ωx
2, a20 = − 19Ωx2,
S22(x) =
−Ω3x
9π
(10cos
4Ωx
3
x− 1
3
+ 2cos
2Ωxx
3
).
11# . )*& *- 6)* )*&4- 7-  46
*#  )1M 4.-   . )4 |ωu| ≤ Ωu,  46
M 7? ))1$ 1)*6. / !R9" 6
*& 4)* 55$ ) Ωu < |ωu| < Ωu + Φhu.
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ω ; ;#D ;#B ;#E ;#C D ω > 2
Δ1,2(ω) ; =#C =#F =#E =#D = =
Δ1,4(ω) ; =#F =#D = = = =
Δ1,10(ω) ; = = = = = =
K1(ω) ; ;#D ;#B ;#E ;#C D > 2
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  4 [−Ωx − nhx,Ωx + nhx], /-  4/ [−Ωx − nhx,−Ωx]
 [Ωx,Ωx + nhx]  ? 1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*M N1 ?1 *.6
 4* Nx 10 1&7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&7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1- 1 ?*M-
Z(t, x, y) = ψ(t, x, y) + η(t, x, y),
−c ≤ x≤ c, −d ≤ y≤ d,

• c, d q . . )-1*&#  1 ?*M- 4?06
  )4*& 11 1 tU
• ψ(t, x, y) q 1- 5$- - !*& 4?0"# )6
*-M,- 4?0- ?O# )*0,/ ?0MU
• η(t, x, y) q  ) ) *. )*  *1 116
.1 01 
 ?- ) )*.  0 11 1 t ? Z(t, x, y) 6
*& $  4?0- ψ(t, x, y).

*- N ?. o;p .*-M . )4
∂Z(t,x,y)
∂x ,
∂Z(t,x,y)
∂y )
)1 )11 x  y * ) %)*  )*& ?6
* M, 7- 4)M-   o;p
W˜x(t, ωx, ωy) = −jωxZ˜(t, ωx, ωy), (1)
W˜y(t, ωx, ωy) = −jωyZ˜(t, ωx, ωy), (2)
W˜l(t, ωx, ωy) = −(ω2x + ω2y)Z˜(t, ωx, ωy), (3)

• ωx, ωy q ) .U
• W˜x(t, ωx, ωy), W˜y(t, ωx, ωy)U q )?4- 8& )/ :;8.
4/ ) )-  5$ Z(t, x, y);
• W˜l(t, ωx, ωy) q )?4 8& *)*U
• Z˜(t, ωx, ωy) q )?4 8& 5$ Z(t, x, y) 
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/ .4
4 oDp  #  )1,&M 7./ 5$ ) 4# ))1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M, )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
∂Z
∂x ,
∂Z
∂y  . (i, k) # 4)M-  
∂Z
∂x
[t, i, k] = Z[t, i, k + 1]− Z[t, i, k], (4)
	&$-  
& 	'		  " ;B@
∂Z
∂y
[t, i, k] = Z[t, i + 1, k]− Z[t, i, k], (5)
 4 ) %)* )*--  *M, 51
Δ2Z[t, i, k] = Z[t, i+1, k] +Z[t, i− 1, k] +Z[t, i, k+1]+Z[t, i, k− 1]− 4Z[t, i, k]. (6)
 )&# 4- 1  )?4 8&  0 !B"6
!F"# )*.1 
Dx(t, ωx, ωy) = [cosωx − 1 + jsinωx]Dz(t, ωx, ωy), (7)
Dy(t, ωx, ωy) = [cosωy − 1 + jsinωy]Dz(t, ωx, ωy), (8)
DΔ2(t, ωx, ωy) = −4[sin2ωx2 + sin
2ωy
2
]Dz(t, ωx, ωy), (9)
−π≤ ωx ≤ π, −π≤ ωy ≤ π,
 Dz(t, ωx, ωy) =
∞∑
n1,n2=−∞
e−jn1ωxe−jn2ωyZ[t, n1, n2]−
1  )?4 8&   4?0-
Z[t, n1, n2].
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 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)0M / 
* 0 *- - 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
)*- Z(t, x, y) )*&4& 55$*& ) 4/ .  *&6
 . /
W (jω) =
{
(jω)k, ) |ω| ≤ Ω,
0, ) |ω| > Ω,
 k 6)- )4#  M, 5*& *0 ?*&
?*&7  ). )1*1 )1-&M 
%BB( ? *& 4)* 55$ k 6  !k ≥ 0" )-
) ) )1 !x * y" ?*M  5$ ?.6
 )-0 

4*& - 5$- Sku(x) *& 4)* 556
$ k6 )- )*-- 01
Sku(x) =
jk
2π
Ω∫
−Ω
ωkejωxdω =
jk
2π
[Rk(x) + jMk(x)],

Rk(x) =
Ω∫
−Ω
ωkcos(ωx)dω, Mk(x) =
Ω∫
−Ω
ωksin(ωx)dω.
;BB 	  &  	 	   " $
8$ Rk(x)  Mk(x) .*-M- ) 1 51*1
Rk(x) = Ck(Ω, x)− Ck(−Ω, x); Mk(x) = Sk(Ω, x) − Sk(−Ω, x);
Ci(ω, x) =
{
ωi sinωxx − ixSi−1(ω, x), ) x = 0,
ωi+1
i+1 , ) x = 0;
(10)
Si(ω, x) =
{ −ωi cosωxx + ixCi−1(ω, x), ) x = 0,
0, ) x = 0; (11)
) i = 1, k,
C0(ω, x) =
{
sinωx
x , ) x = 0,
ω, ) x = 0;
S0(ω, x) =
{ − cosωxx , ) x = 0,
0, ) x = 0. (12)
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sinΩx
x 
cosΩx
x #
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 4 [−T, T ], |T | <∞.
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